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In recent years, rising interest in topological systems has coincided with advancing quantum
science and technology1. This fortunate circumstance allows for the direct observation of the
Chern number, a measure that distinguishes topological phases. For one isolated spin-1/2
particle, this number is known to be an integer equal to 0 or 1. Here we propose an inter-
acting two-spin quantum model with applied magnetic fields acting on the Poincaré-Bloch
sphere2 to reveal a new class of topological energy bands with Chern number “one-half” for
each spin, measurable through the magnetizations at the poles. The mechanism behind this
fractional topology is a two-spin product state at the north pole and a maximally entangled
state at the south pole. We study a precise protocol in time to reveal the spin dynamics which
reflects the physics associated with quantum interferometry effects in surrounding energy
bands. We show a correspondence between the two-spin system and a topological bilayer
model on a honeycomb lattice, which describes semimetals with a nodal ring encircling a
region of entanglement. Both the spin and bilayer models provide a new bridge that links
topology and entanglement, elucidating how topology is shared between a system and its
environment.
The topological properties of a spin-1/2 or a two-state system can be revealed when applying
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a magnetic field that acts radially on the sphere with polar angle θ and azimuthal angle φ. Upon
adiabatically sweeping from the north to south pole, along a curved path, the Chern number C of
this two-state system represented by a vector of Pauli matrices σ = (σx, σy, σz) is equal to one and
is related to the spin magnetizations at the poles 3–5
C ≡ 1
2pi
∫ 2pi
0
dφ
∫ pi
0
dθFφθ (1)
=
1
2
(
〈σz(θ = 0)〉 − 〈σz(θ = pi)〉
)
= 1.
The angles θ = 0 and θ = pi refer to the north and south poles of the sphere, respectively. We have
introduced the Berry curvature Fφθ ≡ ∂φAθ−∂θAφ and the Berry connectionA, defined from the
gradient of the ground state |ψ〉 according to 6
Aα = i〈ψ|∂α|ψ〉. (2)
The associated Berry phase represents an important foundation of quantum physics7. In the quan-
tum Hall effect, such a geometrical description in terms of curvatures plays a key role in the link
with electronic transport properties8, 9. Here, the integer Chern number C of a given spin-1/2 is
related to a topological charge – the degeneracy point of the Hamiltonian – contained within the
sphere spanned by the magnetic field vector. The spin-1/2 orientation then measures directly this
topological charge10–12. A recent experiment11 has studied two spin-1/2s, σ1, σ2, under the influ-
ence of the radial fields H1 and H2 acting in curved space, directly on the surface of the sphere.
The two spins interact through a transverse coupling (σx1σ
x
2 + σ
y
1σ
y
2). Their resulting topological
phase diagram consists of integer C = 0, 1 and 2 phases, corresponding to topological charges
located outside both spheres, inside one sphere, and inside both spheres respectively. To show the
2
possibility of entangled states with fractional one-half Chern number for each spin, we consider
a model with two spins σ1 = (σx1 , σ
y
1 , σ
z
1) and σ
2 = (σx2 , σ
y
2 , σ
z
2) interacting through an Ising
coupling in the Hamiltonian:
H± = −(H1 · σ1 ±H2 · σ2)± r˜f(θ)σ1zσ2z . (3)
The magnetic field Hi acts on the same sphere parameterized by (θ, φ) and may be distorted along
the zˆ direction with the addition of constant field Mi according to3:
Hi = (H sin θ cosφ,H sin θ sinφ,H cos θ +Mi), (4)
for i = 1, 2. We also consider a generic θ-dependent coupling r˜f(θ) with r˜f(θ) > 0. The± denote
two distinct classes of models. In experiments, the magnetizations may be measured for each spin
independently. So the Chern number may also have a well-defined component corresponding to
each subsystem. Therefore, we find it important to first generalize Eqs. (1) and (2) for subsystem
or spin j in the interacting spin model. The corresponding Chern number Cj will provide a ro-
bust topological number and will also represent a measure of entanglement. The spin system we
consider here provides a nice platform for understanding how topology can be partitioned between
subsystems.
The Berry connection for the jth spin is naturally defined asAjα ≡ i〈ψ|∂jα|ψ〉where α = φ, θ,
along with the jth Berry curvature F jφθ = ∂jφAjθ − ∂jθAjφ, and Chern number
Cj = 1
2pi
∫ 2pi
0
dφ
∫ pi
0
dθF jφθ. (5)
The operator ∂jα acts on the Hilbert space of the jth spin. This operation is well-defined provided
we can decompose the ground state as |ψ〉 = ∑kl ckl|Φk(θ, φ)〉1|Φl(θ, φ)〉2, which is satisfied for
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a model of two spin-1/2s, such that ∂1α|ψ〉 ≡
∑
kl ckl(∂α|Φk(θ, φ)〉1)|Φl(θ, φ)〉2. In fact, the model
we consider affords the more relaxed condition |ψ〉 = ∑kl ckl(θ)|Φk(φ)〉1|Φl(φ)〉2. In the standard
representation of a single spin eigenstate in a radial magnetic field, the ground state is | ↑〉 at the
north pole where θ = 0, and eiφ| ↓〉 at the south pole where θ = pi. We will take these states to
form our single-spin basis, |Φ+(φ)〉j = | ↑〉 and |Φ−(φ)〉j = eiφ| ↓〉. For r˜ → 0 and Mi → 0, the
ground state |ψ〉 then shows c++(θ) = cos2 θ2 , c−−(θ) = sin2 θ2 , c−+(θ) = c+−(θ) = sin θ2 cos θ2
with the normalization equation for |ψ〉, ∑kl |ckl|2 = 1 where k, l = ±. While there are many
ways to represent these single-spin states, their relative phase eiφ is fixed. In this case, Ajθ is not
uniquely defined, but Cj still is since Ajθ = i
∑
kl c
∗
kl(θ)∂
j
θckl(θ), so that ∂
j
φAjθ = 0 and will not
contribute to the integral over the Berry curvature. The Chern number for the jth spin is then
Ci = −(Aiφ(pi)−Aiφ(0)). (6)
This form is gauge invariant as shown in the Supplementary Information. It is interesting to observe
that a similar correspondence occurs for one pseudospin-1/2 when coupling with circular polarized
light 13, 14. The light response is precisely related to the Berry curvature at the equator.
While the eigenstates of (3) are in general quite complicated for r˜f(θ) 6= 0, their φ-dependence
is very simple, such that the ground state takes the required form
|ψ〉 =
∑
kl
ckl(θ)|Φk(φ)〉1|Φl(φ)〉2, (7)
with k, l = ±. From the simple relation ∂jφ|Φ−(φ)〉j = i|Φ−(φ)〉j , the Berry connection reads:
A1φ = −|c−+(θ)|2 − |c−−(θ)|2 and A2φ = −|c+−(θ)|2 − |c−−(θ)|2. Note that product states such
as | ↑〉1| ↑〉2 or | ↓〉1| ↓〉2 will contribute 0 or −1 to the Berry connection, while a maximally
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entangled state15, such as 1√
2
(| ↑〉1| ↓〉2 + | ↓〉1| ↑〉2) will give −1/2. Then, we have the general
result
C1 = |c−+(pi)|2 + |c−−(pi)|2 − |c−+(0)|2 − |c−−(0)|2, (8)
C2 = |c+−(pi)|2 + |c−−(pi)|2 − |c+−(0)|2 − |c−−(0)|2.
From the Pauli operator σjz = | ↑〉jj〈↑ | − | ↓〉jj〈↓ | and from the normalization equation of the
state |ψ〉 we also find the equality 〈ψ|σjz|ψ〉 = 1 + 2Ajφ, leading to
Cj = 1
2
(
〈σjz(θ = 0)〉 − 〈σjz(θ = pi)〉
)
. (9)
Eq. (9) leads to the generalization of Eq. (1).
Now, we consider the specific system of interest whose ground state evolves from a product
state at θ = 0 to an entangled state at θ = pi:
| ↑〉1| ↑〉2 → 1√
2
(| ↑〉1| ↓〉2 + | ↓〉1| ↑〉2). (10)
The non-zero coefficients are |c++(0)|2 = 1, |c+−(pi)|2 = |c−+(pi)|2 = 12 , for which
C1 = C2 = 1
2
. (11)
The presence of entanglement at one pole then leads to a fractional Chern number for each spin.
The fractional Chern number 1/2 for each spin is then in agreement with 〈σjz(θ = 0)〉 = 1 and
with 〈σjz(θ = pi)〉 = 0 reflecting the formation of a maximally entangled Bell pair at the south
pole15. The norm of each spin effectively shrinks at the south pole, leading to a ln 2 entanglement
entropy16. In the case where the two spins would form a product state that follows the magnetic
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field, then from c++(0) = 1 and c−−(pi) = 1, we verify Cj = 1. In the case where the two spins
would be entangled at both poles then we would obtain instead Cj = 0. We also check that the
fractional Chern number 1/2 may be generalized starting from a product state of N ≥ 3 spins at
the north pole ΠNi=1| ↑〉 = | ↑〉 ⊗ | ↑〉 ⊗ ... ⊗ | ↑〉 evolving towards an entangled state at the south
pole of the Greenberger-Horne-Zeilinger form 1√
2
(ΠNi=1| ↑〉+ ΠNi=1| ↓〉).
To show how to fulfill the necessary prerequisites to observe C1 = C2 = 1
2
, we study the
topological phase diagram for our model (3) which is entirely determined by the energetics at the
poles. For clarity, we present just the H+ sector for now. At the poles, the ground state is readily
determined, and the resulting topological phase for each spin is shown in Fig. 1a for a constant
interaction f(θ) = 1. Allowing for a non-constant interaction does not change this phase diagram
significantly, though it does open up the intriguing possibility of a direct transition from C1+C2 = 2
to C1 + C2 = 0 at the solution of (H −M2)/f(pi) = r˜ = (H +M1)/f(0).
In the presence of Z2 symmetry between the two spins corresponding to σ1z ↔ σ2z when
M1 = M2 ≡M in Eq. (3), the ground state at the north pole with θ = 0, is | ↑〉1| ↑〉2 provided that
r˜f(0) < H +M . At the south pole with θ = pi, the ground state is | ↓〉1| ↓〉2 for r˜f(pi) < H −M ,
but it is degenerate between the anti-aligned configurations for r˜f(pi) > H − M . In that case,
the presence of the transverse fields in the Hamiltonian along the path over the sphere will then
produce resonating valence bonds17. Indeed in Sec. 2, we will see that the singlet state is decoupled
from the rest, while the triplet state 1√
2
(| ↑〉1| ↓〉2 + | ↓〉1| ↑〉2) is the one adiabatically connected
to the θ = 0 ground state. As a result, we obtain half-integer Chern numbers (11). For the simple
6
constant interaction f(θ) = 1, this occurs within the range
H −M < r˜ < H +M, (12)
indicated by the gold line in Fig. 1a. This line can be considered as a critical point between two
distinct topological phases of a given spin. In the limit M → 0, it becomes the quantum critical
point between the total-Chern-number 2 and total-Chern-number 0 phases. We find that the H−
sector also contains a line of fractional Chern numbers with C1 = −C2 = 1
2
.
There is another geometric picture we can use to understand the topological nature of these
numbers. For a spin-1/2 system, the Chern number counts the number of degeneracy monopoles
associated to the topological charges contained within the closed manifold spanned by the magnetic
field, in accordance with Gauss’ law18. We can adapt this picture to the case of interacting spins,
where the effective magnetic field for each spin depends on the orientation of the other. In a mean-
field sense, this would amount toHeff1 = −H1 + r˜f(θ)〈σ2z〉zˆ with zˆ a unit vector along the z axis.
Each of the two manifolds spanned byHeff1 ,H
eff
2 may or may not contain the degeneracy monopole
as illustrated by the insets in Fig. 1a, resulting in the different possibilities of Ci = 0,±1. Thus,
Ci, which counts the topological charge of the effective model describing the subsystem, is robust
against local perturbations of the effective field. The mean field picture breaks down precisely
for the entangled case. There, the manifold spanned by the effective magnetic field on each spin
consists of a coherent superposition of two geometries: the one that contains the monopole and the
one that does not, represented schematically by the inset corresponding to the gold line in Fig. 1a.
Now, we show that this spin-1/2 model can also find applications in topological lattice mod-
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els. It is well known that the Haldane model19– a two-dimensional Chern insulator which has been
realized in quantum materials20, graphene21, cold atoms22, 23 and light systems24–28 – has a natural
pseudspin-1/2 representation due to the A and B sublattices of the honeycomb lattice where the
Brillouin zone torus can be mapped onto the parameter space discussed above. It follows that a
stack of two Haldane layers may be represented by a two-spin model.
1 Lattice model
We consider a plane realization of Eq. (3) consisting of two AA-stacked graphene lattices 29 and
show how to find a fractional magnetization representing Cj . Here, θ = 0 and θ = pi map onto
the K and K ′ points of the first Brillouin zone respectively (see Supplementary Information).
The spin degrees of freedom now describe the momentum-space sublattice magnetization for each
layer j: σjz ↔ njkB − njkA. Here, njkα represents the density of particles associated to sublattice
α = A or B for a wavevector k, in a given layer j. The values Mj from the previous section now
describe inversion-symmetry breaking Semenoff masses, which may be tuned for each layer30.
Topology is introduced through tunable Berry phases in each layer in accordance with the Haldane
model. If the two layers have equal fluxes, the model corresponds to the H+ sector, while if they
have opposite fluxes, it describes the H− sector. Here we will focus on the equal flux case. The
mapping suggests that we need an unusual interaction – one that is local in k-space – to produce
a momentum-dependent Ising interaction. Such interactions have been studied in relation to Weyl
semimetals31, 32. In fact, we can achieve the same result with an interlayer coupling r between
neighbouring sites.
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All of this motivates the following lattice model in momentum-space:
H =
∑
k
(ψ†k1, ψ
†
k2)H(k)
ψk1
ψk2
 , (13)
where ψ†ki ≡ (c†kAi, c†kBi) and
H(k) =
(d+M1zˆ) · σ rI
rI (d+M2zˆ) · σ
 , (14)
is represented in terms of the Pauli matrices σ, the 2 × 2 identity matrix I, and the k-dependent
vector d is defined in accordance with the Haldane model in each layer (see the Supplementary
Information for details). The indices i = 1, 2 indicate the layer.
The eigenvalues and eigenvectors of this matrix are readily found at the K and K ′ points
where the gap closes, respectively, for the values of r:
r+c ≡
√
|dz|+M1
√
|dz|+M2 (15)
r−c ≡
√
|dz| −M1
√
|dz| −M2.
For the case of asymmetric Semenoff masses M1 6= M2, the gap closes and reopens at r−c . Upon
computing the Berry curvature numerically33, we show in Fig. 1b, the phase diagram for the total
Chern number C at half filling defined from the two lowest occupied bands, in agreement with
established results29. A topological transition takes place where the Chern number of the second
band changes from 1 to 0. When the gap closes and reopens at K this number goes to −1. The
Chern number of the first band (lowest band) remains 1 throughout. The similarity between Fig. 1a
and Fig. 1b suggests that there indeed exists a faithful mapping between the lattice model and the
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spin model, which has been shown to be certainly valid close to the transition between the phases
C = 2 and C = 1 (starting from the C = 1)29.
Now, we study the (gold) line M1 = M2 where the system shows an additional Z2 layer
symmetry (1↔ 2) which is at the origin of the fractional Chern number. This situation describes a
special class, where time-reversal and inversion symmetry are broken by the flux and mass terms,
while a Z2 symmetry is preserved. The result is a nodal ring semimetal where the second and
third bands cross as shown in Fig. 2a. The time-reversal invariant version of this case has been
discussed34. The eigenstates at the poles take the simple form
ψ1 =
1√
2
(0,−1, 0, 1), ψ2 = 1√
2
(0, 1, 0, 1),
ψ3 =
1√
2
(−1, 0, 1, 0), ψ4 = 1√
2
(1, 0, 1, 0). (16)
Defining |ψg〉 ≡ 12(c†A1c†B1 − c†A1c†B2 − c†A2c†B1 + c†A2c†B2)|0〉, we see that at r = r+c , there is a
transition in the ground state at K from c†B1c
†
B2|0〉 to |ψg〉. Meanwhile at K ′, there is a transition
at r = r−c from c
†
A1c
†
A2|0〉 (which is favoured by the Semenoff masses) to |ψg〉 (which is favoured
by the interaction). Thus, by computing the magnetization related to the particle densities on the
two sublattices of each layer at the K and K ′ points, we obtain the lattice version of Cj (Eq. (9))
C˜j = 1
2
〈njKB − njKA − njK′B + njK′A〉 (17)
=

1 r < r−c
1/2 r−c < r < r
+
c
0 r > r+c ,
(18)
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where j = 1, 2 refers to the layer basis. The magnetization for a single layer is shown over the unit
cell of the reciprocal lattice in Fig. 2b.
Generically, we may represent the ground state at half-filling in terms of the occupancy of
each layer (comprising two sub-lattices with a given ket |ij〉, i+j = 1, such that |10〉 refers to sub-
latticeA occupancy and |01〉 to sublatticeB occupancy respectively): |ψ〉 = ∑i+j+k+l=2 cijkl|ij〉1|kl〉2,
from which we get the reduced density matrix ρ1 by tracing out the second layer. From this the
entanglement entropy is computed numerically (see the Supplementary Information) and shown
for the case of symmetric masses in Fig. 2c. For r < r−c , the entanglement entropy is identically
zero. Above r−c , the wavefunction becomes uniformly maximally entangled with an entanglement
entropy of ln 4 in the band crossing region. One Dirac point is characterized by a nodal ring en-
closing the entangled region. Since the two Dirac points map to the two poles on the spheres,
this emphasizes the correspondence between the two-spin and the lattice model. Regarding the
bulk-edge correspondence, the lowest (blue) band in Fig. 2a produces a chiral edge mode as in the
quantum Hall effect35–37 and in the Haldane model19. The interpretation of the fractional one-half
Chern number in the presence of the second band for M1 = M2 needs to be further studied in
the layer basis (in real space), in relation with the classification table18 including Z2 helical edge
states38, 39, Ising or Majorana fermion models40, 41, and ladder models realizing Laughlin fractional
quantum Hall states 42 with Chern number 1/2 43–45.
Here, it is important to mention a distinction between the two spin-1/2 and the lattice model,
when we move from the critical point M1 = M2. In the lattice model, the layer magnetization
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number C˜j varies smoothly across the transition, in contrast to the sharp change in Cj that occurred
in the spin model. The smoothing of this transition may be due to the additional states available
at half-filling where one layer is empty. These states reduce the spin magnetizations near the K ′
point. In fact, such smoothing would also be seen in any time-dependent protocol to measure
the spin Chern number Cj . This too is due to the presence of additional states that affect the spin
dynamics in the non-adiabatic regime. Now, we return to the two-spin model to study these effects.
2 Protocol in Time
One experimental protocol for measuring Cj in a two-spin system is to perform a linear sweep,
θ = vt, t ∈ [0, pi/v] for some velocity v, of the magnetic field along the meridian φ = 0, measuring
〈σjz〉 at the endpoints of the path11, i.e. at the north and south poles. Any finite velocity will lead to
non-adiabatic transitions via the Landau-Zener-Majorana mechanism46–48, which describes a time-
dependent two-state model of the form H = λtσz + ∆σx. The amplitudes for the | ↑〉 and | ↓〉
components of the wavefunction were derived by Zener46 for the asymptotic case t→∞. Here we
are actually interested in the values at t = 0, which are derived in the Supplementary Information.
There we also show that the quasi-adiabatic regime of our two-spin system is described by an
effective two-state Hamiltonian
H+eff = −[r˜f(θ) +H cos θ +M ]σz −
√
2H sin θσx + (H cos θ +M)I, (19)
where the basis for the Pauli matrices is now given by two of the triplet states (1, 0)T = |1, 0〉 and
(0, 1)T = |1,−1〉. We see that the entangled state |1, 0〉 is indeed the unique ground state at θ = pi
for r˜ sufficiently large. More precisely, the window in which the ground state evolves from the
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product state at the north pole to the entangled state at the south pole, and therefore has Cj = 1/2,
is given by
H −M
f(pi)
< r˜ <
H +M
f(0)
. (20)
This phase is more easily stabilized by an interaction that grows with θ.
Returning to the dynamics of Eq. (19), we expand near θ = pi, such that t→ t− pi/v. With
this new time variable, the important dynamics takes place near t = 0 such that we approximate
f(θ) = f(pi) close to the south pole, but we find that relaxing this condition does not affect the
result noticeably, as shown in Fig. 3f. We then rotate the Pauli matrices about the y-axis. In the
rotated basis, the effective Hamiltonian takes the Landau-Zener form, with
λ ≡
√
2Hv, ∆ = r˜f(pi)−H +M, (21)
and adiabaticity parameter γ = ∆2/λ. The amplitude for measuring the |1,−1〉 state is then
1√
2
(A(t)− B(t)), while the amplitude for measuring the entangled state is 1√
2
(A(t) + B(t)). The
former results in Cj = 1, upon sweeping to the south pole (now at t = 0) while the latter gives
Cj = 1/2. The value of Cj is then related to the coefficient A(0) and B(0) through
Cj ≈ 3
4
− 1
4
Re(A(0)B∗(0)). (22)
The product A(0)B(0)∗ is evaluated in the Supplementary Information, which yields
Cj ≈ 3
4
+
pi
4
Re
(
ei3pi/4e−γpi/4
sgn(∆)
√
γ
Γ(1/2 + iγ/4)Γ(1− iγ/4)
)
, (23)
in terms of the gamma function Γ(z). We check the adiabatic limit of this formula, v → 0 (γ →∞)
and find
Cj → 3
4
− 1
4
sgn(∆), (24)
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which gives 1 for r˜ < (H −M)/f(pi) and 1/2 for r˜ > (H −M)/f(pi) as expected. We also
compute numerically the time evolution of the interacting spins in this protocol (Fig. 3a-d). Our
analytic result for Cj is then compared with the corresponding numerical value in Fig. 3e-f. We
see that this formula accurately captures the transition in Cj for small sweep velocities. At higher
velocities, deviations occur due to the presence of higher excited states. In the Supplementary
Information, we also discuss reversibility effects in the time-dependent protocol.
We also find, by checking many examples, that the shape of the transition is independent
of the particular form of time-dependant interaction f(θ), which for small sweep velocities only
shifts the transition point. This is shown in Fig. 3.f where we compare the analytic approximation
to the numerical solution of the Schrödinger equation for a variety of interactions.
3 Discussion
Our analysis presents a new mechanism to realize quantum states with fractional topology from
the interplay between tunable Berry curvatures and resonating valence bond states17, 19, 49. We have
shown how quantum entanglement between two spins can produce a Chern number of one-half for
each spin. We have provided a geometrical and physical interpretation of this result. In addition,
we have proposed a measurement through the spin magnetizations at the poles on the Bloch sphere
in real time and studied the effect of increasing the speed of the protocol in relation with Landau-
Zener-Majorana interferometry. We have formulated a correspondence with topological lattice
models respecting Z2 (layer) symmetry, which form nodal ring semimetals in momentum space.
14
These predictions can be measured with actual developments on quantum systems and light-matter
coupling, and may stimulate further developments and new applications of entanglement 50.
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Methods The methodology begins from general quantum arguments to show the possibility of a fractional
Chern number for an interacting spin-1/2 particle, leading to Eqs. (11) and (9). Then, we analyze the
ground state energetics of a particular model and show how to observe a Chern number 1/2. Furthermore,
we formulate a mathematical correspondence between the spin-1/2 and topological bilayer lattice models.
We find a relation between the Chern number measurement and the non-adiabatic Landau-Zener dynamics.
We perform numerical evaluations in the bilayer model of the magnetization and entanglement entropy and
in the time-dependent protocol to check that results are very similar for various forms of spin interaction in
curved space.
In the Supplementary Information, we present two proofs for the gauge invariance of Eq. (6) and discuss
applications to the class of wavefunctions we study. Then, we show definitions on the Haldane model and
bilayer system, and develop the notations for the entanglement entropy calculation. We also derive the
transition amplitudes for the time-dependent protocol associated to the Landau-Zener dynamics and discuss
reversibility in the time-dependent procotol.
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Figure 1: a) Spin model: topological phase diagram for the Chern number of each spin in the
(M2, r˜) plane. Here we have set M1 = H/3. The gold line at M2 = M1 indicates the symmetric
phase C1 = C2 = 1
2
. The insets illustrate (adiabatically deformed) spheres corresponding to the
parameter space spanned by the effective field for spin 1 (blue) and spin 2 (orange) in each phase.
The topological charge at the origin is indicated by the red dot. Along the gold line the effective-
field manifold (which is identical for each spin) is in a coherent superposition of containing and
not containing the monopole yielding a Chern number of 1/2 for each spin. b) Lattice model:
topological phase diagram in the (M2, r) plane for the total Chern number at half-filling, defined
with the two lowest occupied bands. The gold line at M2 = M1 indicates the symmetric phase for
which the gap is closed. The parameters t1 and |dz| = 3
√
3t2 in the Haldane model are shown in
the Supplementary Information. 22
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2
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Figure 2: a) Two stacked Haldane layers with |dz| =
√
3t1, r =
√
3t1/3 (which is in the range
r−c < r < r
+
c ) for the case of symmetric Semenoff masses M1 = M2 = 3
√
3t1/4. Here t1 is
the nearest neighbour hopping amplitude. a) Band structure. b) Magnetization σjz ≡ 〈njkB − njkA〉
in one layer over the primitive cell of the reciprocal lattice (at the K point, the light yellow color
refers to magnetization 1, the K ′ point has a magnetization equal to 0 as a result of entanglement.
In the orange region, the magnetization smoothly evolves from 1 to−1/2 in blue). c) Entanglement
entropy in the same region (yellow refers to a maximum entropy of ln 4 and in the blue region the
entropy is 0).
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Figure 3: a)-d) Spin responses 〈σ1〉 (on the blue sphere) and 〈σ2〉 (on the orange sphere) to a sweep
protocol of the radial applied magnetic field along a meridian of the sphere with v = 0.0001H .
The time-dependent spin vector shown in red (measured in units of H) is determined from the
numerical solution of the Schrödinger equation. The radius of each sphere is H . a)-c) show an
asymmetric case with M1 = H/3, M2 = H/2. a) r˜ = 0.25H . b) r˜ = 0.9H . c) r˜ = 1.7H . d-f)
shows the symmetric mass case with M1 = M2 = 3H/4. d) Spin response for r˜ = H/3. In this
case, the magnitude of the spin vector vanishes at the south pole. e) Chern number of a single
spin versus r˜/H for different sweep velocities with f(θ) = 1. The solid lines show the analytic
approximation of Eq. (23), while the dotted lines show the result from the numerical solution to
the Schrödinger equation. (f) Numerically determined Chern number of a single spin vs r˜f(pi)/H
shown by the solid lines for different interactions with v = 0.05H; Θ refers to the Heaviside step
function. The dashed black line shows the analytic approximation of Eq. (23) which is universal
for a given speed v. 24
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Abstract
In this Supplementary Information, we provide two alternative derivations of Eq. (6) in the manuscript
and discuss gauge invariance in the topological response. We also show the possibility of non-quantization
or half-quantization (Sec. 1). Then, we introduce definitions on the lattice geometry for the bilayer model
and on the calculation of entanglement entropy (Sec. 2). We also discuss the measure of the topological
number with a protocol in time and study transition amplitudes as well as reversibility questions (Sec. 3).
1 Gauge invariance and non-quantization of Cj
First in Sec. 1.1, we provide a geometrical proof of Eq. (6) in the article from vector theorems. This illustrates
the intriguing fact that the topological response can be encoded in the poles of the Bloch sphere (through
the spin magnetizations), which holds for both the regular Chern number C and the partial Chern number
Cj . Then, in Sec. 1.2 we provide a proof based on the specific class of wavefunctions we study. In Sec. 1.3,
we discuss 1 and 2-spins’ wavefunctions with fractional Chern number.
1.1 Topological Response
The Berry connection Aj and curvature F jφθ are well-defined on the parameter space {θ, φ} describing the
polar and azimuthal angles on the sphere. We start from Eq. (1) of the article:
C = − 1
2pi
∫
S2
d2n · (∇×A). (1)
Here, the vector A is in an arbitrary gauge, n is the normal vector to the sphere, and
Fφθdθdφ = (∂φAθ − ∂θAφ)dθdφ = −(∇×A) · d2r. (2)
For simplicity, here we have dropped the j superscript since this proof applies equally to the Chern number
C and the partial Chern number Cj .
We decompose the hemisphere into north and south hemispheres demarcated by a fixed boundary polar
angle θ = θc (which need not be at the equator) such that
C = − 1
2pi
∫
north
d2n · (∇×A)− 1
2pi
∫
south
d2n · (∇×A). (3)
In mapping the space {θ, φ} to S2, we have to take special care of the poles because while A(0, φ) and
A(pi, φ) have well-defined φ-components that contribute to the Chern number, any smooth vector field on
S2 must have vanishing φ-components at the poles. The use of Stokes’s theorem requires that we have a
smooth vector field over the relevant manifold. Here, we would like to show the form of this smooth field as
well as the form of C in terms of the Berry connections at the poles. We hypothesize that we can build a
piecewise smooth field A′ on the north and south hemispheres, such that
∇×A′ = ∇×A (4)
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on each hemisphere, for all values of the azimuthal and polar angles. Now, we show the form of this field,
as follows. Looking at Eq. (1), we can subtract infinitesimally small areas encircling the poles to define a
surface S2
′
on the sphere which is no longer a closed manifold. Since these areas are infinitesimally small
and the Berry curvature is finite, this will not affect the Chern number so we can write
C = − 1
2pi
∫
S2′
d2n · (∇×A). (5)
The surface S2
′
can be decomposed into a north (north’) hemisphere defined by 0 < θ < θc and south
(south’) hemisphere defined by θc < θ < pi on which the field A is smooth, such that
C = − 1
2pi
∫
north′
d2n · (∇×A)− 1
2pi
∫
south′
d2n · (∇×A). (6)
On north’, we have from Stokes’ theorem:
− 1
2pi
∫
north′
d2n · (∇×A) = − 1
2pi
∫ 2pi
0
dφAφ
(
θ−c , φ
)
+
1
2pi
∫ 2pi
0
dφAφ(0), (7)
where θ−c means we approach θc from the north. This form assumes that the field is uniquely defined on the
boundary path at the north pole with Aφ(0) = Aφ(φ, 0). The right-hand side then corresponds to the two
boundary paths encircling north’. Similarly, we have for south’:
− 1
2pi
∫
south′
d2n · (∇×A) = + 1
2pi
∫ 2pi
0
dφAφ
(
θ+c , φ
)− 1
2pi
∫ 2pi
0
dφAφ(pi). (8)
Again, θ+c means we approach θc from the south, and the field is uniquely defined on the boundary path at
the pole with Aφ(pi) = Aφ(pi, φ). These expressions suggest a natural definition for the smooth fields on the
full north and south hemispheres:
A′(θ, φ) ≡
{
A(θ, φ)−Aφ(0)φˆ θ < θc
A(θ, φ)−Aφ(pi)φˆ θ > θc,
(9)
where φˆ represents the unit vector tangent to the circle associated to the azimuthal angle φ. This indeed
satisfies ∇×A′ = ∇×A over each hemisphere, and also ensures that
C = − 1
2pi
∫
S2
d2n · (∇×A′). (10)
Note that these identities further imply that if we fix θ and perform a closed path in φ on a given hemisphere,
then ∮
A′ · d` =
∮
A · d`−
∮
Aφ(pole) · d`, (11)
which can be viewed as the integral of a flux through the disk at fixed θ. The last term then places the pole
information inside a cylinder with an infinitesimally small radius inside the hemisphere.
Returning to Eqs. (7), and (8), we show the form of C in terms of Berry connections as follows. Suppose
we move the boundary very close to the north pole such that θc → 0 (the same relation would be obtained
with θc → pi), then
− 1
2pi
∫
north′
d2n · (∇×A) = − 1
2pi
∫ 2pi
0
dφAφ (0) + 1
2pi
∫ 2pi
0
dφAφ(0) = 0, (12)
− 1
2pi
∫
south′
d2n · (∇×A) = + 1
2pi
∫ 2pi
0
dφAφ (0)− 1
2pi
∫ 2pi
0
dφAφ(pi). (13)
Therefore, by summing these two lines, we obtain (referring to Eq. (6) in the manuscript)
C = Aφ(0)−Aφ(pi). (14)
2
1.2 Vector Potential and Wavefunction
Here, we discuss gauge arguments relating the north and south poles to the two-particle wavefunction.
There exists a set of gauge choices for which the ground state is single-valued (i.e. independent of φ)
at θ = 0; we denote any of these choices by |ψN 〉. Likewise, there are gauges for which the ground state is
single-valued at the θ = pi, denoted |ψS〉. We then define AjNφ(θ, φ) and AjSφ(θ, φ) such that
AjNφ(θ, φ) ≡ i〈ψN (θ, φ)|∂jφ|ψN (θ, φ)〉, AjSφ(θ, φ) ≡ i〈ψS(θ, φ)|∂jφ|ψS(θ, φ)〉. (15)
Note the behaviour of these functions at the poles. By definition, |ψN 〉 is independent of φ at θ = 0 and
|ψS〉 is independent of φ at θ = pi. Thus,
(∂1φ + ∂
2
φ)|ψN (θ = 0, φ)〉 = 0, (16)
(∂1φ + ∂
2
φ)|ψS(θ = pi, φ)〉 = 0, (17)
so that
A1Nφ(0, φ) +A2Nφ(0, φ) = 0, (18)
A1Sφ(pi, φ) +A2Sφ(pi, φ) = 0. (19)
Furthermore, in any particular gauge, the Berry connection (not the wavefunction) is a single-valued function
over the entire parameter space, so that
AjNφ(pi, φ) = AjNφ(pi), AjSφ(0, φ) = AjSφ(0). (20)
This is easily checked from the form of wavefunction used in the article.
Without saying anything about the symmetry of the wavefunction, we know that AjN (θ, φ) and AjS(θ, φ)
are related by a gauge transformation. This relation works just as it does for the standard Berry connection:
Lemma 1.1. For |ψ˜〉 and |ψ〉 in the class of wavefunctions considered in the article, if |ψ˜〉 = eiχ(θ,φ)|ψ〉,
then the corresponding partial Berry connections have azimuthal components related via
A˜jφ(θ, φ) = −∂φχj(φ) +Ajφ(θ, φ), (21)
where χ(θ, φ) = χ0(θ) + χ1(φ) + χ2(φ), and j = 1, 2.
Proof. Here, we refer to the class of wavefunctions in the article:
|ψ〉 =
∑
kl
ckl(θ) |Φk(φ)〉1 |Φl(φ)〉2 . (22)
Since the wavefunction must take this form at all points on the sphere, we need only consider the set of
gauge transformations that preserve this form (as pointed out in the article, the jth Berry connection is
well-defined as long as we stay in this sector), which means
|ψ〉 → |ψ˜〉 ≡
∑
kl
eiχ(θ)ckl(θ)e
iχ1(φ)|Φk(φ)〉1eiχ2(φ)|Φl(φ)〉2. (23)
Note that the decomposition of χ into χ1 and χ2 is not unique. Each different decomposition should be
regarded as a different gauge choice. It suffices to just consider the φ component of the Berry connection:
A˜jφ(θ, φ) = i〈ψ˜|∂jφ|ψ˜〉 (24)
= −
∑
kl
|ckl(θ)|2∂φχj(φ) +Ajφ(θ, φ) (25)
= −∂φχj(φ) +Ajφ(θ, φ). (26)
In the last line we used the normalization of the wavefunction
∑
kl |ckl(θ)|2 = 1.
3
Corollary 1.1.1. There exists a north gauge such that AjNφ(0, φ) = 0 and a south gauge such that AjSφ(pi, φ) =
0.
Proof. For any given north gauge, |ψN 〉 with Berry connections AjNφ, we know that |ψN (θ = 0)〉 is indepen-
dent of φ by definition. Choose
χ1(φ) = −χ2(φ) = −
∫
dφA2Nφ(θ = 0, φ). (27)
Then using Eq. (26), the new connection given by this gauge transform is
A˜1φ(θ = 0, φ) = A1φ(θ = 0, φ) +A2φ(θ = 0, φ) = 0 (28)
A˜2φ(θ = 0, φ) = A2φ(θ = 0, φ)−A2φ(θ = 0, φ) = 0. (29)
The first line is zero by Eq. (18). Since χ = χ1 + χ2 = 0, we have not left the north gauge sector. The same
construction can be used for the south gauge, so indeed we can always find north and south gauges such that
AjNφ(0, φ) = 0, AjSφ(pi, φ) = 0. (30)
Note that these particular gauges are the ones used to define A′ in the previous section.
Lemma 1.1 gives a simple expression for the partial Chern number:
Cj = − 1
2pi
(χj(2pi)− χj(0)). (31)
For the traditional Chern number C, integer quantization follows from the fact that χ(φ) = χ(φ+ 2pi) + 2pin
for integer n. The same condition applies here, only now it’s χ1(φ)+χ2(φ) = χ1(φ+2pi)+χ2(φ+2pi)+2pin,
so that fractional values of Cj are allowed.
There is another way to write Cj . Starting from Eq. (3) where the sphere has been split along a line of
constant θ = θc, and using the particular gauges of Eq. (30), we have
Cj = − 1
2pi
∫
north
d2n · (∇×AjN )−
1
2pi
∫
south
d2n · (∇×AjS) (32)
= − 1
2pi
∫ 2pi
0
dφ(AjNφ(θc, φ)−AjSφ(θc, φ)), (33)
where we applied Stokes’s theorem since the Berry connections in the north and south gauges are smooth
over their respective hemisphere. Since the lemma guarantees that the difference between the two Berry
connections of different gauges is independent of θ, we may set θ = pi (we could also choose θ = 0, the proof
goes the same either way):
Cj = − 1
2pi
∫ 2pi
0
dφ(AjNφ(pi, φ)−AjSφ(pi, φ)) (34)
= − 1
2pi
∫ 2pi
0
dφAjNφ(pi, φ) (35)
= −AjNφ(pi), (36)
where we used Eq. (20) in the third line. This is possibly the simplest expression for the Chern number, but
it requires computing everything in a specifically defined gauge. We prefer to write an expression that is
explicitly gauge-independent relating to the geometrical argument of the preceding section. We can do this
by adding zero to the above expression in the form
Cj = −AjNφ(pi) +AjNφ(0). (37)
Now we have an expression that involves the difference between a Berry connection at two different angles.
But from the lemma, we know that such a difference is independent of gauge. Therefore we again obtain
Cj = −Ajφ(pi) +Ajφ(0) (38)
in any gauge.
4
1.3 Examples
It’s worthwhile checking some of the above equations in some simple examples.
1.3.1 Product state
Consider the r˜ = 0 case and Mi = 0 where the ground state is the product state. The north and south
gauges are:
|ψN 〉 =
(
cos(θ/2)
eiφ sin(θ/2)
)
⊗
(
cos(θ/2)
eiφ sin(θ/2)
)
, (39)
|ψS〉 =
(
e−iφ cos(θ/2)
sin(θ/2)
)
⊗
(
e−iφ cos(θ/2)
sin(θ/2)
)
, (40)
so that A1 = A2 and
AjNφ = − sin2(θ/2), AjSφ = cos2(θ/2). (41)
In the article, we present the proof with AjNφ = − sin2(θ/2) implying that AjNφ = 0 at the north pole and
AjNφ = −1 at the south pole. At the equator, we also find AjNφ = −1/2.
In either case, the Berry curvature is Fφθdθdφ = sin θ2 dθdφ, which gives partial Chern numbers of
Cj = 1
2pi
∫ 2pi
0
∫ pi
0
dφdθ
sin θ
2
= 1. (42)
This equation naturally relates to the magnetizations at the poles since
Cj =
∫ pi
0
dθ
sin θ
2
=
1
2
[− cos θ]pi0 =
1
2
(〈σz(θ = 0)〉 − 〈σz(θ = pi)〉) = +1. (43)
If we move to a different gauge
|ψ〉 = eiχ0(θ)
(
eiχ1(φ) cos(θ/2)
ei(χ1(φ)+φ) sin(θ/2)
)
⊗
(
eiχ2(φ) cos(θ/2)
ei(χ2(φ)+φ) sin(θ/2)
)
,
then
Aj = −∂φχj(φ) +AjNφ, (44)
in agreement with Eq. (26).
Finally, at the poles, we have
A1Nφ(θ = 0) = 0, A1Nφ(θ = pi) = −1, (45)
A2Sφ(θ = 0) = 1, A2Sφ(θ = pi) = 0. (46)
So that both Eq. (36) and Eq. (38) give Cj = 1.
1.3.2 Fractional topology state
Now consider the case where the ground state evolves from the product state | ↑〉1| ↑〉2 to the entangled
state 1√
2
(| ↑〉1| ↓〉2 + | ↓〉1| ↑〉2). In this case, we don’t know the form of the wavefunction over the whole
sphere, but we can still check the poles. The gauge used in the article corresponds to a north gauge since
the ground state is single-valued at the north pole
|ψN (θ = 0)〉 = | ↑〉1| ↑〉2, (47)
5
while at the south pole it is given by
|ψN (θ = pi)〉 = 1√
2
(
| ↑〉1(eiφ| ↓〉2) + (eiφ| ↓〉1)| ↑〉2
)
, (48)
so that
A1Nφ(θ = 0) = 0, A1Nφ(θ = pi) = −1/2, (49)
A2Nφ(θ = 0) = 0, A2Nφ(θ = pi) = −1/2. (50)
Both Eqs. (36) and (38) then give C1 = C2 = 1/2. This leads to the physical interpretation of the fractional
Chern number in Fig. 1 of the article. The system is topologically in a superposition of two geometries, one
enclosing the topological charge and another geometry which is topologically trivial.
On the other hand, we can find a south gauge by multiplying |ψN 〉 by e−iφ, i.e. χ = −φ. Now we have
the additional gauge freedom of choosing the decomposition into χ1(φ) and χ2(φ). For example, suppose we
choose χ1 = −φ, χ2 = 0. Then
|ψS(θ = 0)〉 = e−iφ| ↑〉1| ↑〉2, (51)
|ψS(θ = pi)〉 = 1√
2
(
(e−iφ| ↑〉1)(eiφ| ↓〉2) + | ↓〉1| ↑〉2
)
, (52)
so that
A1Sφ(θ = 0) = 1, A1Sφ(θ = pi) = 1/2, (53)
A2Sφ(θ = 0) = 0, A2Sφ(θ = pi) = −1/2, (54)
which of course gives C1 = C2 = 1/2. Note that A1Sφ(θ = pi) + A2Sφ(θ = pi) = 0 in accordance with
Eq. (19), but this is not the particular south gauge that satisfies Eq. (30). To obtain that gauge we follow
the construction in Eq. (27):
χ1(φ) = −χ2(φ) = −
∫
dφA2Sφ(θ = pi) (55)
=
φ
2
+ c, (56)
where c is an arbitrary integration constant. With this transformation, the wavefunction becomes
|ψS(θ = 0)〉 → (e−iφ/2| ↑〉1)(e−iφ/2| ↑〉2), (57)
|ψS(θ = pi)〉 → 1√
2
(
(e−iφ/2| ↑〉1)(eiφ/2| ↓〉2) + (eiφ/2| ↓〉1)(e−iφ/2| ↑〉2)
)
, (58)
for which
A1Sφ(θ = 0) = 1/2, A1Sφ(θ = pi) = 0, (59)
A2Sφ(θ = 0) = 1/2, A2Sφ(θ = pi) = 0, (60)
which satisfies both Eq. (30) and C1 = C2 = 1/2. This choice of gauge leads to the physical picture of Fig. 2
(top) in the article where the massive Dirac point carries the pi Berry phase and the semimetal ring region
participates in the entanglement entropy, and leads to a “zero” topological response.
These examples have all used north or south gauges, but it’s important to emphasize that Eq. (38)
holds for any gauge. As a final example, consider starting with (47) and (48), and applying the transform
χ1 = −φ/3, χ2 = φ/2. The wavefunction
|ψ(θ = 0)〉 = (e−iφ/3| ↑〉1)(eiφ/2| ↑〉2), (61)
|ψ(θ = pi)〉 = 1√
2
(
(e−iφ/3| ↑〉1)(e3iφ/2| ↓〉2) + (e2iφ/3| ↓〉1)(eiφ/2| ↑〉2)
)
, (62)
is clearly not single-valued at any pole, but its Berry connections
A1φ(θ = 0) = 1/3, A1φ(θ = pi) = −1/6, (63)
A2φ(θ = 0) = −1/2, A2φ(θ = pi) = −1, (64)
still give C1 = C2 = 1/2.
6
2 Monolayer and bilayer Haldane models on honeycomb lattice
We employ the following definitions in our lattice model. We set the lattice spacing to a = 1. The honeycomb
graphene Bravais lattice consists of A and B sites with primitive vectors
u1 =
1
2
(3,
√
3), u2 =
1
2
(3,−
√
3), (65)
nearest-neighbour vectors
a1 =
1
2
(1,
√
3), a2 =
1
2
(1,−
√
3), a3 = (−1, 0),
(66)
and next-nearest-neighbour vectors
b1 =
1
2
(−3,
√
3), b2 =
1
2
(3,
√
3), b3 = (0,−
√
3)
(67)
as shown in Supplementary Fig. 1.
The reciprocal lattice has a primitive cell defined by
v1 =
2pi
3
(1,
√
3), v2 =
2pi
3
(1,−
√
3). (68)
The diamond formed by v1, v2 is used to plot Fig. 2b) and c). Some important points in the Brillouin zone
are
K =
2pi
3
(
1,
1√
3
)
, K ′ =
2pi
3
(
1,− 1√
3
)
M =
2pi
3
(1, 0), M ′ =
pi
3
(1,
√
3), (69)
as shown in Supplementary Fig. 2.
For a single layer i, we start with the tight-binding Hamiltonian for graphene with nearest-neighbour
hopping t1 and Semenoff mass Mi, which is given by
H1 = t1
∑
rA
3∑
i=1
(c†B(rA + ai)cA(rA) + h.c.) +Mi
(∑
rA
c†A(rA)cA(rA)−
∑
rB
c†B(rB)cB(rB)
)
.
(70)
To construct the Haldane model, we add next-nearest-neighbour hopping t2 with flux φ oriented as in
Supplementary Fig. 3, via the term
H2 = t2
3∑
i=1
(∑
rA
c†A(rA)cA(rA + bi)e
iφ +
∑
rB
c†B(rB)cB(rB + bi)e
−iφ
)
+ h.c. (71)
Fourier transforming H1 +H2 gives the single-layer Hamiltonian
H =
∑
k
(
c†Ak c
†
Bk
)
h(k)
(
cAk
cBk
)
h(k) = d(k) · σ + I, (72)
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where
dx(k) = −t1
3∑
i=1
cos(k · ai) (73)
dy(k) = −t1
3∑
i=1
sin(k · ai) (74)
dz(k) = −2t2 sinφ
3∑
i=1
sin(k · bi) +M (75)
 = −2t2 cosφ
3∑
i=1
cos(k · bi). (76)
At the Dirac points K, K ′, we have
d = dz = ±3
√
3t2 sinφ. (77)
Our bilayer model consists of two Haldane models for which we fix φ = pi/2 for simplicity and couple
them with an interlayer hopping r:
H(k) =
(
(d+M1zˆ) · σ rI
rI (d+M2zˆ) · σ
)
. (78)
This corresponds to Eq. (14) in the article.
From this we get the energy spectrum at the K point,
E1(K) = −1
2
(2|dz|+M1 +M2 +
√
(M1 −M2)2 + 4r2) (79)
E2(K) = −1
2
(2|dz|+M1 +M2 −
√
(M1 −M2)2 + 4r2), (80)
E3(K) =
1
2
(2|dz|+M1 +M2 −
√
(M1 −M2)2 + 4r2), (81)
E4(K) =
1
2
(2|dz|+M1 +M2 +
√
(M1 −M2)2 + 4r2). (82)
The eigenvectors corresponding to these bands are
ψ1 = Nx(0, x, 0, 1), ψ2 = Ny(0,−y, 0, 1),
ψ3 = Ny(y, 0, 1, 0), ψ4 = Nx(−x, 0, 1, 0), (83)
where
x ≡ 1
2r
(M2 −M1 −
√
(M1 −M2)2 + 4r2), (84)
y ≡ 1
2r
(M1 −M2 −
√
(M1 −M2)2 + 4r2), (85)
Nx = (1 + x
2)−1/2, (86)
Ny = (1 + y
2)−1/2. (87)
We may obtain the energies at the K ′ point through the transformation |dz| with −|dz| in Eqs. (79)-(82).
In the bilayer model, we may represent the ground state at half-filling in terms of the occupancy of each
layer:
|ψ〉 =
∑
i+j+k+l=2
cijkl|ij〉1|kl〉2. (88)
In this representation, a ket |ij〉n is defined for layer n with the two sublattices A and B such that |10〉n
refers to a state with sublattice A occupied in layer n and |01〉n to a state with sublattice B occupied in
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layer n. The subset of the Hilbert space with each layer half-filled corresponds to the constraint i + j = 1.
We get the reduced density matrix ρ1 by tracing out one layer:
ρ1 = diag(|c0011|2, |c1100|2, ρred1 ), (89)
where the 2× 2 block ρred1 describes the space of states where each layer is half-filled:
ρred1 =
( |c0110|2 + |c0101|2 c∗0110c1010 + c∗0101c1001
c0110c
∗
1010 + c0101c
∗
1001 |c1010|2 + |c1001|2
)
. (90)
From these coefficients, the entanglement entropy:
S1 = −ρ1 ln ρ1, (91)
is computed numerically.
3 Transition amplitudes in time
3.1 Single spin-1/2 model in time
In this paper, we are interested in transition amplitudes of a two-state system at finite times, since the
linear sweep protocol on a sphere takes place over a finite time. To that end, it is worth deriving the full
time-dependent amplitudes for different states of the spin-1/2 Hamiltonian
H = λtσz + ∆σx, (92)
using Ref. [46] as a guide. The instantaneous eigenenergies and eigenstates of this system are:
E± = ±
√
λ2t2 + ∆2 ≡ ±E (93)
|ψ±〉 = 1√
∆2 + (E − λt)2
(
λt± E
∆
)
. (94)
It is important to note that these eigenstates change character as t goes from −∞ to +∞. Since E → ±λt
as t→ ±∞, we have
|ψ−(−∞)〉 =
(
1
0
)
= |ψ+(+∞)〉 (95)
|ψ−(+∞)〉 =
(
0
1
)
= |ψ+(−∞)〉. (96)
In other words, if the evolution is adiabatic (i.e. we track the ground state as t increases), then the spin will
necessarily flip. The Landau-Zener result says that if the evolution is not completely adiabatic (in a sense
we will soon make precise), then there is a significant probability of ending up in the excited state where
the spin has not flipped. Also note that exactly at t = 0, the eigenstates are equal combinations of up and
down:
|ψ±(0)〉 = 1√
2
( ±1
sgn(∆)
)
. (97)
We wish to solve the time-dependent Schrödinger equation. We represent the quantum state as
|Ψ(t)〉 = A(t)| ↑〉+B(t)| ↓〉, (98)
so that we have two coupled differential equations
A˙(t) +
iλ
~
A(t) +
i∆
~
B(t) = 0 (99)
B˙(t) +
i∆
~
A(t)− iλ
~
tB(t) = 0. (100)
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Differentiating the second equation gives
B¨(t) +
i∆
~
A˙(t)− iλ
~
B(t)− iλ
~
tB˙(t) = 0. (101)
Substituting Eqs. (99) and (100) into this gives
B¨(t) +
(
∆2
~
+
λ2t2
~2
− iλ
~
)
B(t) = 0. (102)
We can put this differential equation in the form of the Weber equation1, by using the dimensionless quantity
z ≡
√
2λ
~
e−ipi/4t, (103)
so that
d2B(z)
dz2
+
(
i∆2
2λ~
+
1
2
− z
2
4
)
B(z) = 0, (104)
which has the linearly independent solutions
B(z) = c1Dν(z) + c2D−1−ν(−iz). (105)
Here we have defined ν ≡ i ∆22λ~ , and Dν(z) are the parabolic cylinder functions. From Eq. (100), we also get
the solution for A:
A(t) =
i~
∆
B˙(t) +
λt
∆
B(t) (106)
⇒ A(z) =
√
2λ~
∆
eipi/4
(
B′(z) +
z
2
B(z)
)
. (107)
The initial condition ensures that the spin begins in the ground state at t = −∞, which means that
B(t = −∞) = 0 according to Eq. (95). The second initial condition (|A(t = −∞)|2 = 1) will not be used
just yet.
One has to be careful with the asymptotics of the parabolic cylinder functions, since they have different
behaviours depending the direction in which their argument goes to infinity. For t→ −∞, Eq. (103) shows
that arg(z) = 3pi/4 and arg(−iz) = pi/4. One can check that the first term in Eq. (105) diverges along the
former axis, while the second term decays along the later. Thus c1 = 0. We then have
A(z) =
√
2λ~
∆
eipi/4
(
−ic2D′−1−ν(−iz) +
1
2
c2D−1−ν(−iz)
)
. (108)
Using the identity
D′n(z) =
z
2
Dn(z)−Dn+1(z), (109)
this simplifies to
A(z) =
√
2λ~
∆
ei3pi/4c2D−ν(−iz). (110)
Instead of solving for c2 using the other initial condition, it is easier to use the probability normalization at
time t = 0:
1 = |A(0)|2 + |B(0)|2, (111)
where the parabolic cylinder functions take the analytic form
Dn(0) =
2n/2
√
pi
Γ( 1−n2 )
. (112)
1see, for instance, NIST Digital Library of Mathematical Functions, http://dlmf.nist.gov/
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We employ the following identities to simplify the gamma functions:
Γ(1− x)Γ(x) = pi
sin(pix)
(113)
Γ(1 + x) = xΓ(x). (114)
Noting that ν is purely imaginary and Γ∗(z) = Γ(z∗), these identities allow us to write
|D−ν(0)|2 = cos(piν/2), (115)
|D−ν−1(0)|2 = sin(piν/2)
ν
. (116)
It is also useful to define the parameter
γ ≡ ∆
2
λ~
= −2iν, (117)
in terms of which the coefficient becomes
c2 =
(
2
γ
cos(ipiγ/4) +
2
iγ
sin(ipiγ/4)
)−1/2
(118)
=
√
γ
2
e−piγ/8. (119)
So finally we have the complete solutions for the spin up and down amplitudes respectively:
A(z) = sgn(∆)ei3pi/4e−piγ/8D−iγ/2(−iz) (120)
B(z) =
√
γ
2
e−piγ/8D−1−iγ/2(−iz). (121)
Using Eqs. (112), (120), (121), we can also show the useful identity
A(0)B∗(0) = ei3pi/4e−γpi/4
sgn(∆)pi
√
γ
2Γ(1/2 + ν/2)Γ(1− ν/2) . (122)
Using the asymptotic expansions for the parabolic cylinder function, one can show that the probability
of a non-adiabatic transition (i.e. spin up at t = ∞) is e−piγ . This is the Landau-Zener result, and shows
that γ is the appropriate adiabaticity parameter. For γ  1, the system remains in the ground state, while
for γ  1 the system transitions to the excited state. For our purposes however, we are interested in the
case t = 0 for which we make use of Eqs. (122). Supplementary Fig. 4 shows the time-dependence of the
transition for small γ. It is important to note that changes to the distribution of probability only begin very
close to t = 0.
3.2 Application to the two interacting spins
Even though our model,
H± = −(H1 · σ1 ±H2 · σ2)± r˜f(θ)σ1zσ2z , (123)
is a four-state system, we now show that the dynamics of this model are well captured by Eqs. (120), (121).
We consider the symmetric case M1 = M2 = M < H. For simplicity, here it suffices to treat just the H+
sector.
First, we write H+ in the singlet-triplet basis with s = σ1 + σ2. In this basis, we have
H+ = −r˜f(θ)|0, 0〉〈0, 0|+H+trip. (124)
Here |0, 0〉 refers to the singlet state and
H+trip =
1
2
r˜f(θ)s2z −H
√
2 sin θsx − (H cos θ +M)sz − r˜f(θ)I, (125)
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where we have made use of the Gell-Mann matrices
sx =
0 1 01 0 1
0 1 0
 sz = 2
1 0 00 0 0
0 0 −1
 , (126)
represented in the triplet basis
|1, 1〉 = (1, 0, 0)T , |1, 0〉 = (0, 1, 0)T , |1,−1〉 = (0, 0, 1)T .
(127)
The singlet component is completely decoupled from the equations of motion, provided we initialize the spins
in the ground state at the north pole, which is the triplet state |1, 1〉 for r˜ < (H+M)/f(0); the ground state
is |1, 0〉 otherwise.
The total Chern number is encoded in the spin magnetization value according to
C = 〈sz(θ = 0)〉 − 〈sz(θ = pi)〉. (128)
To simplify the dynamics further we assume that any transitions to excited states occur near θ = pi.
This assumption is justified because for a broad class of interactions, the gap at θ = 0 is much larger than
at θ = pi. Near θ = pi the |1, 1〉 state always has the highest energy, so we may project it out and write an
effective two-state model to match the Landau-Zener model:
H+eff = −[r˜f(θ) +H cos θ +M ]σz −
√
2H sin θσx + (H cos θ +M)I, (129)
which upon rotating the Pauli matrices and expanding about θ = pi, takes the form of (92).
3.3 Reversibility
One might wonder about the reversibility of the above sweep protocol. We investigate this by extending the
time evolution to a full sweep around the sphere t ∈ [0, 2pi/v], with the interaction symmetrized about pi:
f(θ) → f(pi − |pi − θ|). From the numerical time evolution over this range we compute a “reversed Chern
number” defined as
Cjr ≡
1
2
(〈
σjz(θ = 2pi)
〉− 〈σjz(θ = pi)〉), (130)
which is shown by the dashed lines of Fig. 5. In the limit v → 0, we find Cjr = Cj as expected. For higher
speeds, the two Chern numbers agree in the small r˜ and large r˜ regimes, but deviate significantly near the
transition. This too can be understood from the Landau-Zener physics as follows. Recall that in the systems
we consider, the gap is smallest at θ = pi and we can assume that diabatic transitions take place only in the
vicinity of θ = pi where the two-state effective Hamiltonian (129) is valid. Since the probability for such a
transition only varies appreciably close to θ = pi (in accordance with Fig. 4), we may take it’s asymptotic
value when considering the spin state after a complete cycle. In other words, the probability of measuring
the two-qubit system in the first excited state at θ = 2pi is ≈ e−piγ . Now from Eq. (125), we see that the
first excited state at θ = 2pi is always |1, 0〉 (as long as r˜ < (H +M)/f(0)) which has a σjz value of 0, while
the ground state is |1, 1〉 with a σjz value of 1. Thus,
〈σjz(θ = 2pi)〉 = (1− e−piγ), (131)
so that
Cjr =
1
2
(
〈σjz(θ = 2pi)〉 − 〈σjz(θ = 0)〉+ 〈σjz(θ = 0)〉 −
〈
σjz(θ = pi)
〉)
(132)
≈ 1
2
(
(1− e−piγ)− 1
)
+ Cj (133)
= Cj − 1
2
e−piγ . (134)
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Since
γ =
(r˜f(pi)−H +M)2√
2Hv
, (135)
(see Eq. (21) of the article), the deviation between the regular and reversed Chern numbers is a Gaussian
centered at the critical coupling with a variance that vanishes in the adiabatic limit. Upon plugging in
Eq. (23) from the article for Cj , we plot this analytic result in the dashed black curve of Fig. 5.
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Figure 1: Orientation of vectors on the honeycomb lattice.
Figure 2: First Brillouin zone of the honeycomb lattice.
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Figure 3: Next-nearest neighbour hoppings and flux orientation for the Haldane model.
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Figure 4: Probabilities (|A(t)|2) and (|B(t)|2) with γ = 0.1.
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Figure 5: Numerically determined Chern number Cj (solid) and reversed Chern number Cjr (dashed) of a
single spin versus r˜f(pi)/H for different interactions with v = 0.05H; Θ refers to the Heaviside step function.
The dashed black line shows the analytic approximation of Cjr (Eq. (134)) which is universal for a given
speed v.
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